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AHHOTaU,HH 

Victor Alexandrov, Around the A.D. Alexandrov's theorem on a characterization of a sphere. 
This is a survey paper on various results relates to the following theorem first proved by A.D. 
Alexandrov: Let S be an analytic convex sphere-homeomorphic surface in and let ki{x) ^ k2{x) 
be its principal curvatures at the point x. If the inequalities ki{x) k ^ k2{x) hold true with some 
constant k for all x £ S then S is a sphere. The imphases is on a result of Y. Martinez-Maure who 
first proved that the above statement is not valid for convex C^-surfaces. For convenience of the 
reader, in addendum we give a Russian translation of that paper by Y. Martinez-Maure originally 
published in French in C. R. Acad. Set., Paris, Ser. I, Math. 332 (200f), 41-44. 
Mathematics Subject Classification (2000): 52C25; 52B70; 52C22; 51M20; 51K05. 
Keywords: normal section, principal curvature, Weingarten surface, convex surface, herisson, virtual 
polytope. 

1 BBG^GHHe 

3Ta CTRTbH HBjiaeTCH pacniHpeHHOii BepcHeii oflHOHMeHHoro flOKjia^a, npo^^HTaHHoro aBTopoM b cen- 
TH6pe 2011 ro^a na KOHeJ^epeni^HH «J\mi reoMCTpHH b HoBOCH6HpcKe». Ona coflepjKHT KpaTKHii o63op 
pesyjiBTaTOB, CBHaanHbix co cjieflyiomeii TeopeMofl A./],. AjieKcanflpoBa o xapaKTepH3aLi,HH ccjjepbi: 

TeopeMa 1 nycmt S — aHaAumunecKaM eunyKAan noeepxHocm-b e M.'^ , zoMeoMopcpHaM ccfiepe, u nycmb 
^ ki{x) ^ k2{x) — ee ZAaenue Kpueuanu e mouKe x. Ecau cyiu,ecmeyem nocmojiHHaji k maKasi, umo 
dAfi ecex x Cz S eunoAHHrnmcn nepaeeHcmea ki{x) ^ fc ^ k2{x), mo noeepxHocmb S jisAJiemcM ccfjepou. 

B pasflejie 2 mm paccKasKeM o cbhshx TeopeMbi [T] c aafla^aMH oflHOsnaHHOfi onpeflejieHHOCTH BbinyK- 
jibix noBepxHOCTeii, b paa^ejie 3 — o cbhshx c TeopeMaMH o noBepxHOCTHx BeflHrapTena. B paa^ejie 4 
Mbi oGcy^HM oco6eHHO sajKHyio fljiH naniero HSjiojKeHHH pa6oTy H. MapTHneca-Mopa |11| . noKasaBinero, 
HTO fljiH BbinyKjibix C^-noBepxHOCTeii yTBepjKfleHne, anajiorHiHoe TeopeMe[l] ne Bepno. B pas^ejie 5 mbi 
KOCHeMCH CTaTBH |15j r.K). IlaHHHOii, npoflOjiJKHBniefi HCCjieflOBanHH H. MapTHHeca-Mopa (h BnepBbie 
noKaaaBmeft, hto ^jih BbinyKjibix C^-noBepxHOCTefi yTBepjKfleHHC, anajiorHHRoe TeopeMe [1] ne Bepnoe) , 

Pa6oTa BBinojiHena npH noftnepjKKe POOH (ko^ npoeKTa lO-Ol-QlOOO-aHcjj), OllII «HayHHbie h HayiHO- 
neflarorHHecKHe K&flpbi iiHHOBai^HOHHOH Pocchh» na 2009—2013 rr. (roc. KOHTpaKT 02.740.11.0457) ii CoBCTa no rpaHxaM 
ripesH^eHTa PO fljiH nofl/],ep>KKH Be^yuxax HayMHBix niKOji (HIU— 6613.2010.1). 



a B pasflejie 6 roBopHM o nepcneKTHBax flajibHeitniHx HCCJieflOBaHHii, CBHaanHbix c TeMaTHKofl nacTO- 
ameft CTaTBH. HaKOHen;, fljia yflo6cTBa HHTaTejia b «npHjiO}KeHHH» mm npHBOflHM nepeBOfl CTaTbH H. 
MapTHHCca-Mopa [llj . 

2 TeopeMbI e^HHCTBGHHOCTH ^JIH BbinyKJIOH nOBepXHOCTH 
C Sa^aHHOft 4)yHKI],HOHaJIt.HOH SaBHCHMOCTbK) MeyKJIJ 
rJiaBHblMH KpHBH3HaMH H BGKTOpOM HOpMaJIH 

TeopeMa [T] HBjiJieTCH OHeBiiflHbiM nacTHbiM cjiy^aeM TeopeMbi 1-a h3 CTaTbH A./],. AjiexcaHflpoBa 1966 
rofla [3]. CaMa aia TeopeMa 1-a c^jopMyjinpoBana b TepMHnax TaK HasBiBaeMoit OTHOCHTejiBHOit flH(|)- 
(J)epeHLi,HajibHOH reoMBTpHH (hmchho nosTOMy mbi ne wpimop^mA 3fl,eci, ee 4)opMyjiHpoBKy) . B [2] flano 
^OKaaaTejibCTBO TeopcMbi 1-a h noKaaano, hto ona SKBHBajieHTHa cjicflyiomeH TcopeMe (cm. [3J TeopeMa 
11): 

TeopeMa 2 Uycm-b S u S'^ — aHaAumuuecKue eunyKAue noeepxHocmu e R'', zoMeoMopcpHue ccfiepe, 
npuneM zayccoea Kpueuana noeepxHocmu 5*^ ecwdy noAoofcumeA'bHa (a aHauum, cama noeepxHocmb 
eunyKAasi). ymeepMcdaemcM, umo au6o S noAynena U3 S*" napaAACAbHUM nepenocoM, au6o cymecmey- 
mm maKue mouKU x ^ S, x'^ £ S'^ c napaAACAttHUMU u conanpaeAeHHUMU HopMaAHMU, umo Kpueuana 
Am6ozo HopMUAbHogo ceHCHUM e X oruAUHHa om Kpueuanu napaAACAbHoso HopMaAbHozo ceuenusi e x^ . 

ySeflHMCH, HTO TeopeMa [T] HBjiaeTCH cjieflCTBHCM TeopeMiji[5] HycTB pjia noBepxHOCTH S BbinojiHeHbi 
ycjiOBHH TeopeMiji[TJ B KanecTBe noBepxHOCTH BOSbMeM ccjsepy pa^Hyca 1/fc. Ecjih S hc nojiy^^ena h3 

napajijiejiBHbiM nepenocoM, to no TeopcMC [5] HafifleTCH TO^^Ka a; e S*, b KOTopoii xpHBHsna jiK)6oro 
HopMajiBHoro ccieHHa ne paBHa k. Ho b tohkb x HMecTca HopMajibHoe ceneHHe c kphbhshoh ki{x) h cctb 
HopMajiBHoe ceieHHe c kphbh3hoh k2{x). KpoMe Toro, KpHBiisna HopMajibHoro ce^^enHH, npoxoflamero 
nepea TOHKy x, ecTb 4)yHKLi,Ha nenpepbiBHaa, a ki{x) ^ A; ^ ^2(3;). SnanHT, b TOHxe x HaiifleTca Hop- 
MajibHoe ce^^CHHe kphbhshbi k. HojiyHeHHoe npoTHBope^He noKasbiBaeT, mo noBepxHOCTb S nojiyHena h3 
5''^ napajijiejiBHbiM nepenocoM, t. e. HBjiaeTca cej^epoii. Tcm caMbiM mm bmbcjih TeopeMy[T]H3 TeopeMbi[5] 

B CBOio OHcpcflb TeopeMa [5] 5bijia c4)opMyjiHpoBaHa h pflKasaneL A./],. AjieKcanflpoBbiM b 1966 r. b ^ 
fljia Toro, HTo6bi nojiyiHTb HOBoe /lOKasaTejibCTBO cjieflyiomeii TeopeMbi (cm. [3, TeopeMa 2]): 

TeopeMa 3 Uycmb S u — maKue noeepxHocmu, kuk e meopeMe^^ u nycmb ki{x) ^ k2{x), k'Kx'^) ^ 
k2{x'^) ux SAaenue KpueusHU e moHKax x £ S u x^ E . Uycmb fi^jrjjn) — maKasi (pyHKii,usi 
HUCASHHUX nepeMCHHUx 7] u eduHUHHOzo eenmopa n G M"^, umo npu ^ > ^' u 7] > rj' ecezda 
f{£,,ri,n) > f{£^\r]',n). Tozda ecAu Bam a7o6ou mouKu x £ S u coomeemcm6yww,eu eil uiohku x^ e S'^, 
UMemiu^eu maKou ome eenmop HopMUAU (m. e. maKou, umo n^{x^) = '".(a;)) eunoATisiemcM paeencmeo 

f{k,{x)M{x)Mx)) = f{kUx'')M{x%n\x^)), 
mo noeepxHocmb S noAyuena U3 5° napaAACAbHUM nepeTiocoM. 

JlerKO noHHTb, hto TeopeMa [3] aBjiacTca npocTbiM cjicflCTBHCM TeopeMbi[2] B caMOM ;i,ejie, ecjin bm- 
nojineHM ycjiOBHH TeopeMbi [31 to, BBH/iy mohotohhocth 4)yHKLi,HH /, b Ka>K^OH to^kc x d S jih6o 
fci(x) ^ ^^(a;^), ^2(3;) ^ ^2(0;°), jih6o ki{x) ^ k2{x^), k2{x) ^ fc2(a;'^). HosTOMy b cooTBCTCTByio- 
mnx TOHKax a;, a;" Bcer^a ecTb napa napajijiejibHbix HopMajibHbix ceHemm c paBHbiMH KpHBHsnaMH. A 
Tor;i,a no TCopcMC [2] noBcpxHOCTb S nojiynena h3 S*" napajijiejibnbiM nepenocoM. 

BnepBbie yTBcpjKflenne, anajiornnnoe TeopeMe|3l 6bijio ccJjopMyjinpoBano n floxasano A.^. AjiCKcan- 
flpoBbiM B 1938 r. ^ TeopeMa I] b KanecTBC o6in,eH TeopeMbi efliiHCTBennocTn, oxBaTbiBaiomeit KjiaccHHC- 
CKHe TeopeMbi T. MnnxoBCKoro h 3.B. KpHCT0(|)4)ejiH [SJ §94, 95]. KaK hsbcctho, nocjieflniie yTBcpjKfla- 
K)T, nTO BbinyKjiaa noBcpxHOCTb OflHOsnanno onpcflejiaeTca saflanneM CBoeft rayccoBOii (cooTBCTCTBCnno, 
cpeflneii) kphbhshm KaK 4)yHKn;HH ot e^HnnnnoH nopMajin k noBepxnocTH. HTo6bi nojiynnTb TCopcMy F. 



2 



MHHKOBCKoro (hjih 3.B. KpHCTOcJxJjejia) floCTRTOHHO npHMCHHTb TeopeMy[21 BH6paB B KanecTBe /(^, rj, n) 

43yHKLi;HIO ^ • 7] (COOTB., + T]) . 

TeopcMaM eflHHCTBeHHOCTH fljia BbinyKjiBix noBepxHOCTeii (rjia;i,KHx, MHororpanHBix, MHoroMcpHBix, 
B HeeBKjiHflOBbix npocTpancTBax h t. /],.) c sa^aHHoft 4)yHKi],H0HajibH0H saBHCHMOCTbio MejKfly rjiaBHbiMH 
KpHBH3HaMH H BCKTopoM eflHHHHHOH HopMajiH K noBcpxHOCTH nocBHLLi,eHO 6ojibinoe KOjiH^^ecTBO pa6oT. 
IIpH 3T0M HcnojibsyiOTCH caMbie pasHbie nop^xopfA h MCTopfA. nojKajiyii mohcho CKaaaTb, hto ochobhbim 
MeTOflOM HBjiaeTCH CBe^eHHe reoMeTpHnecKofi npo6jieMbi k pemeHHio HCKOTopoH sap^aMii fljia ypaBHCHHa b 
TjacTHbix npoH3BOflHbix. HHTaiejib MOJKeT noflpoGnee noanaKOMHTbCH c stovl npoGjiCMaTHKOii, nanpHMep, 
no KjiaccHHecKOMy yneGnHKy [5] hjih HeflaBHeii CTaTbe [5] h yKaaaHHoft b hhx jiHTepaiype. 

3 IloBepxHOCTH BeHHrapTGHa 

TeopeMa [T] CBasana eme h c flpyrHM BajKHbiM KjiaccoM noBepxHOCTeii — noBepxHOCTSMH BeHnrapTena. 
HanoMHHM, HTO noBepxHOCTb nasbiBaiOT noBepxHOCTbio BeitHrapTena, ecjiH ee rjiaBHbie kphbhshbi fci(x), 
k2{x) BCiOfly CBHsaHbi neKOTopbiM 4)yHKu,HOHajibHbiM cooTHomeHHeM, t. e. ecjiH /(fci(a;), A;2(a;)) = 0, 
rfle / — HeKOTopaH neBbipojKfleHHaH 4>yHKu,Ha flByx BemecTBennbix nepeMennbix. Hpn stom, b OTjiHHHe 
OT HSjiojKeHHoro B npeflbiflymeM paa^ejie, ne TpeGyeica BbinyKjiocTH noBepxHOCTH h 4)yHKn,HOHajibHoe 
cooTHomeHHe, CBH3biBaiOLn,ee rjiaBHbie kphbhshbi, ne saBHCHT ot BeKTopa HopMajiH. 

3th noBepxHOCTH BBeflenbi K). BefiHrapTeHOM (Julius Weingarten, 1836-1910) b cbhsh c Hsy^eHHeM 
Bonpoca o6 onncanHH Bcex noBepxHOCTeit, HSOMeTpHHUbix flaHHOii. Xoth 3tot Bonpoc b hojihom o6T3eMe ne 
pemen flo chx nop, noBepxnocTH BeHnrapTena (napa^y c noBepxHOCTSMn Bpan^enna) cjiyjKaT najKHbiM 
HCTonnHKOM npHMepoB, na KOTopbix npoBcpaiOTca o6ni,He Teopnn, n KOTopbiit npnBjieKaeT BnnManne 
cnen,HajiHCTOB [241 Problem 58]. He yrjiyGjiancb b flfiiajm otmcthm tojibko, hto nacTHbiMH cjiynanMH 
HOBepxnocTeH BeftnparTena HBjijnoTca: nonepxHOCTH nocTOHnnoH rayccoBoii KpnBHsnbi, MnnnMajibnbie 
noBepxnocTH n noBepxnocTH nocToannon cpeflneir KpnBnsnbi. MnTaTejib mojkbt SjinjKe noanaKOMHTbcn 
c noBepxnocTHMH BeitnrapTena, nanpnMep, no yneGnnKy [211 Appendix to Chap. 2], Monorpa4)HH |23[ 
Chap. V, Sect. 2], hjih cpabnnTejibno neflaBneft CTaTbe [7] n yKaaannoH TaM jinTcpaType. 

IToBepxHOCTH BeitnrapTena o6jiaflaiOT MnornMn saMenaTejibnbiMH CBOitcTBaMn. 0;i,nHM ns nanGojiee 
rjiy6oKHx HBjiaeTCH cjie/iyioniaH TeopeMa X. Xoncjaa (Heinz Hopf, 1894-1971; cm. [22J hjih [23, Chap. VI, 
Sect. 2]): 

TeopeMa 4 Uycmti S neAfiemcfi nozpyoKeuHou e M.^ saMKHymou noeepxHOcmbw poda 0, UMewineu no- 
cmojiHHyK) cpednmrn Kpueuany. Tozda S sienfiemcsi c^epoii. 

y 3TOH TCOpCMbl flOBOJIbHO flJIHHnaH HCTOpHH, BXOflHTb BO BCC flCTajIH KOTOpOH Mbl 3/I,eCb HC GyflCM. 

Otmcthm TOjibKO, HTO jijiR cjiynaH BbinyKjibix noBepxnocTeii ona 6bijia Bnepnbie flOKasana T. JlH6ManoM 
B 1900 vopy |10j . a ananorn n o6o6ni,enHa nocToanno noanjiaiOTca n ceiinac (cm, nanpnMep, ^J). 

JlerKO BH/iCTb, HTO TeopeMa aBjiacTca oneBH/iHbiM cjie/;cTBneM h3 TCopcMbi |31 Jliis. SToro nyjKno 
BsaTb B KanecTBC S*" cejjepy n nojiojKHTb /(fci, = ki + k2. AnajiHTHnnocTH noBcpxnocTH S b Tcope- 
MC 2] Tpe6oBaTb ne nyjKno, nocKOjibxy fljia nonepxHOCTn nocToannoii cpcflneii kphbhshbi ona HMCCTCa 
« aBTOMaTHHecKn» . 

^jia H3yHenna noBepxHOCTeii BeHnrapTena paanbie anTopbi npnMenajiH pasnbie MCTOflbi. HojKajtyii, 
ocnoBHbiMH anjiaiOTca nocTpoenne rojiOMop4)nbix KBaflpaTnnnbix fln4)(|)epenii;naji0B n ou;eHHBaHHe nn- 

flCKCa JIHHHH KpHBHSHbl HOBepXHOCTH B HSOJinpOBaHHOH OM6HJ[HHeCKOH TOHKC. HMCnnO HOCneflfmM MC- 

TOflOM B 1967 Topy P.O. Mionn,nep ^13j ycTanoBHji Mnorne CBOiicTBa noBepxHOCTefi nocToaHHOii cpeflHcii 
KpHBHsnbi H, B HacTnocTH, nepeflOKasaji TeopcMbi [5] h 

Cjie;];yioiLi,HH (no BpeMenn) npnnn^nnnajibnbiH peayjibiaT, CBasannbiii c TeopeMOiilTJ 6biji ony6jinKOBan 
B 2001 ro^y H. MapTHnecoM-MopoM |11] . ^Jia ero najioJKenna naM HOHa/i,o6HTca nonaTne ejKa, KOTopoe 
H BBOflHTca B cjicflyionieM pasflejie. 
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(a) (b) (c) 

Phc. 1: (a) : Onopnaa (jpynmxasi h{n) BbinyKjioro Tejia. 

(6) : OrH6aioinaH onopHoii 4)yHKi];HH h{n) + const npn const > 0. 

(c) : OrH6aioni,aH onopHOii 4)yHKD;HH h{n) + const npn const < 0. 

4 Ena^KHe e>KH 

noHHTHe rjia^Koro cjKa cjiyjKHT o5o6iLi;eHHeM noHHTna rjiaflKoii BbinyKjioii nosepxHOCTH b R" (Tonnee — 
rpaHHLi;M rjia^Koro BbinyKjioro TCjia). 

B caMOM ;i,ejie, rjiaflKym BbinyKjiyio noBcpxHOCTb mojkho paccMaTpnBaTb KaK orH6aK)iLi,yio rjiaflKoro 
ccMeiicTBa onopntix njiocKOCTeft flannoro BbinyKjioro TCjia (pnc. 1, a). Hpn stom c anajiHTHHecKOH to^^kh 

SpeHHH CCMCHCTBO OHOpHBIX njIOCKOCTCH 

{xeW\{x,p)^h{p)] (1) 

saflacTCH nocpeflCTBOM rjiaflKoro OTo6pa>KeHHH h : M, caMa BbinyKjiaa noBcpxHOCTb flonycKacT 

napaMeTpH3aD;Hio '■ M" c noMon;bio dpopmyjibi 

p ^ {giad h){p) + h{p)p, (2) 

a rayccoBa KpHBHsna noBcpxHOCTH b to^^kc Xh{p) OKasbiBacTCH paBHOfi onpe/;ejiHTejiio KacaTCjibHoro 
OT6pa>KCHHa Xh tohkc p G §"^^. 

IIpHHHB TaKyio anajiHTHHecKyio TOHKy spennH mojkho paccMaipHBaTb orH6aioiLi;He ccMeliCTBa njioc- 
KOCTCii (1), cooTBeTCTByion],Hx npoHSBOJibHoft rjiaflKoft 4)yHKu,HH h : §"^^ — s> R, neaaBHCHMO ot Toro 
HBjiHCTca h onopnoH 4)yHKD;HeH ncKOToporo BbinyKjioro Tejia hjih hct. Hpn stom orH6aioiii;aH mojkct 
HMCTb oco6eHHOCTH. HanpHMcp, H3 pnc. 1, 6 H pnc. 1, c bh^ho, hto ecjin h — onopnaa 4)yHKii,Ha rjiaflKO- 
ro BbinyKjioro TCjia, to orH6aioiii;aH ceMeitcTBa njiocKOCTCit (1), cooTBCTCTByiomnx 4)yHKLi,HH h + const, 
6y;i,eT rjiaflKon noBepxnocTbio, ecjin const > 0, ho mojkct HMCTb ocoGchhocth, ecjin const < 0. 

3th paccyjKfleHHH npHBOflax nac, bcjic^ 3a P. JlaHJKeBCHOM, T. JIcbhttom h T. Po3eH6eproM [9J, k 
cjie/iyiomeMy onpeflejienHio (cm. TaioKC 112) ) 

OnpeflejieHHe 1 FjiadKUM cchcom e R", coomeemcmeymw,UM ZAadnou tfiyHKV,uu h : S>"^^ R, naau- 
eaemcsi osu6aww,asi ceMeucmea nAOCKOcmeu (1), m. e. o6pa3 omo6paMceHUM Xh ■ S"^^ — > R", aadauHozo 
(popMyAoii (2). IIpu 3moM ucxodnan (pyuK'nuM h Haaueaemcn onopnou (fjyHKV,ueu eatca, co6cmeeHHue 
anaueHUfi KacameAbHoso omo6pacHceHUH TpXh e moHKe p £ Haaueawmcsi znaenuMU paduycaMU 

Kpueu3HU eatca e mouKe Xh{p), ux npouaeedenue (m. e. det{TpXh)) Haaueaemcn cl}yHKV,ueu Kpueuanu 
Rh eatca, a ecAUHuna 1 / Rh — zayccoeou Kpueuanou eatca. Eatca, coomeemcmeyminego ZAadKou (fjyHKV,uu 
h : S""^ — > R, o6o3HaHawm nepea Hh- 
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OieEHflHO, BCHKaa rjiaflKaa BbinyKjiaa nosepxHOCTb HBjiJieTCH rjia^KHM e>KOM, npHneM b 3tom cjiynae 
BBefleHHbie Bbiine noHHTna onopHoii 4)yHKLi;HH, rjiaBHbix paflHycoB kphbhshbi h rayccoBoii kphbhshbi 
coBnaflaiOT c o6mcnpHHHTi>iMH. 

Ytkb nocjie Toro, KaK rjia/i,KHe ejKH aasoeBajiH npaBO na cymecTBOBaHHC b reoMeTpHH, bbihchhjiocb, 
HTO CTaTba [S] He Gtijia nepBofi, r^e ohh noHBHjiHCb. B flpymx o6o3HaHeHHHx, b cbh3h c flpyrHMH sa^a- 

HaMH H TOJIbKO Ha HJIOCKOCTH OHH HOHBJIHJIHCb emfi B 1930-6 TOffbl. 

TepMHH oGtHCHaeTCH tbm, ^^to rjiaflKne cjkh HapaMeTpnayiOTCH cejjepoii HOcpeflCTBOM CBoeii HopMajiH, 
T. e. KajKfloii tohkc c4)epbi cooTBCTCTByeT HopMajib k ejKy, hphhbm TOJibKO Oflna. HaBepnoe, sto ecTb 
H^eaji >KHBoro ejKa (jiaT. Erinaceus europaeus): ero nrjibi ;i,oji}KHbi 6biTb HanpaBjienbi bo bcc CTopoHbi 
(htoSm Bpar ne nponieji) , h b KajKflyio CTopony flOjiJKHO 6biTb nanpaBjieno ne 6ojiee oflHoit nrjibi (HTo6bi 
He HaTKHyTbCH Ha nee caMOMy). 

IlycTb noBepxHOCTb S y/iOBjieTBopaeT ycjiOBHSM TeopeMbi [TJ t. e. S — anajiHTHHecKaH BbinyKjiaH 
noBepxHOCTb b R^, roMeoMop4)HaH ccjsepe, npmeM cymecTByeT nocToaHHaa k TaxaH, hto j^w Bcex x £ S 
rjiaBHbie kphbhshbi noBepxHOCTH S b tohkb x y;i,0BjieTBOpaiOT nepaBencTBy ki{x) ^ fc ^ k2{x) hjih, hto 
TO JKe caMoe, 

{ki{x) ^ k){k2{x) ~ k) 0. (3) 

06o3HaHHM OHopnyK) 4)yHKu,Hio HOBepxHOCTH S Hepes /, a rjiaBHbie paflnycbi kphbhshm noBepxHOCTH S 
B TOHKe X nepes ri{x) h r2{x). OneBHflHO, ri{x) = l/ki{x) h r2{x) — l/k2{x). 

nojio>KHM r — 1/k, h = f — r. IIpHMoe BbiHHCjieHHe noKasbiBaeT, mo rjiaBHbie pafliiycbi kphbhshbi 
rjiaflKoro ejKa Xh b TOHKe Xh (p) paBHbi ri {x / (p) ) — r h r2 (p) )—r. CjieflOBaTejibHO, 4)yHKii;HH KpiiBiiSHbi 
Rh ejKa Xh saflaeTca (JjopMyjioii (ri(a;/(p)) — r)(r2(x/(p)) — r), a ananHT b CHjiy (3), HenojiojKHTejibHa 
BCHD^ Ha cejjepe S^. TeM caMbiM TeopeMa [1] BbiTeKaei h3 cjieflyioiLi,ero yTBepjKfleHHH: 

TeopeMa 5 Ec/iu (f)yHKV,usi KpueusHU Rh ZAadKozo eotca Hh C M^, coomeemcmeymmezo eew,ecmeeHHO- 
anajiumuHecKou cfiyHKy,uu h : S>'^ R, HenoAOOKumeAtiHa ecwdy na ccfiepe S^, mo Hh MSAJiemcM mouKou. 

JIcFKO noHHTb, ^iTO H Hao6opoT, TeopeMa [S] BbiTexaeT h3 leopeMbi [T] HesaBHCHMoe flOKaaaTejibCTBO 
TeopeMbi [5] flano H. MapTHnecoM-MopoM b CTaibe [11, TeopeMa 3]. 

/],OKa3aTejibCTBO H. MapTHneca-Mopa ocHOBano na Hsy^ienHH hojihoto npoo6pa3a a;^^(s) cneii,HajibHO 
no;i,o6paHHOii tohkh s G l-Lh- Hpe/inojiaraH, hto rjiaflKHii ejK T-ih ne aBjiaeTca: tohkoh, oh npnxoflHT k 
npoTHBopeHHio c TeM 4)aKTOM, HTO oflHOMepHoe BemecTBeHHoe anajiHTHHecKoe MHOJKecTBO HMeei neiHoe 
HHCjio BeTBeii b KajKfloii oco6oii TOHKe (cm. [20,). 

^ajiee H. MapTHnec-Mop OTMenaeT, hto ero paccyjKfleHHs ne npHMenHMbi k rjia^KHM esKaM, HMeio- 
mHM oco6eHHOCTH THHa «CKpeiLi,eHHbiH KOjiHaK» (t. e. TaKHe jKe oco6eHHOCTH, KaK y KOHyca, nocTpoennoro 
na/i, ii;H4)poii 8). B CHjiy ynoMHHyToro Bbime (J^axTa TaxHx oco6eHHOCTeH ne MOJKei 6biTb y anajiHTHHCCKHx 
ejKeii. OflHaxo H. MapTHnec-Mop sBHbiMH 4)opMyjiaMH CTpoHT C^-ejKa c neTbipbMH ocoSeHHOCTHMii th- 
na «CKpeiLi,eHHbiH KOjinaK» h BCio^y HeHOjiojKHTejibHoii 4)yHKii,Heii kphbhshm Rh = rir2 ^ 0. A hmchho, 
OH HOKasbiBaeT, hto nyjKHbiMH CBOiiCTBaMH o6jia;];aeT nonepxHOCTb S* C R'^, HBjiHiomaHCH oG-be/^HHenH- 
eM rpa4)HKa 4)yHKii,HH (a;^ — y^) — \{x'^ — y^) + j^f{x,y) nafl MHOJKecTBOM |a::|'*/^ + \y\'^^^ ^ 1 h ero 
sepKajibHoro OTpajKenna OTHOCiiTejibHO hjiockocth nepeMennbix x,y. S^ecb 

, xyJ(l -x^ - y4)5/2 _ 25a;2?;2(a;8 + yS + 3(a;4 + _ ^4yi) _^ iy/2 
f{x,y) = 4 2 ■ ■ . 

1 — x^ — y^ 

npH6aBjiH5i Tenepb k OHopnoii 4)yHKii,HH rjia^Koro e>Ka S floCTaTOHHO 6ojibmoe HOjiojKHTejibHoe hhcjio 
R Mbi HOjiyHHM onopnyio 4)yHKii,Hio neKOTOpoii BbinyKjioii noBepxHOCTH Sr, rjiaBHbie paflHycbi KpiiBiiSHbi 
KOTopoii paBHbi ri + i? H r2 + i?, a SHaniiT, yflOBjieTBopHiOT nepaBencTBaM ri + R ^ R !^ r2 + R. 

OGpaTHM BHHMaHiie na to, hto xoth 4)yHKii,iia / 6ecKOHeHHO flH4)4)epeHii,HpyeMa b o6jiacTH Ixj^/'^ + 
|y|4/5 ^ 2, ejK, nojiynaeMbiH h3 ee rpa4)HKa yxasanHbiM Bbime cnoco6oM, aBjiaeTca jihheb C^-rjia^KHM. 
TeM caMbiM, BCjie;; 3a H. MapTHnecoM-MopoM, mm MOJKeM CKaaaib, hto BbinyKjiaa: noBepxHOCTb Sn 
sBjiHeTCH KOHTpnpHMepoM K C^-aHajiory TeopeMbi [TJ 

O^naKO, B paccyjK;];eHHax H. MapTHneca-Mopa, npHBe/ieHHbix b ero CTaTbe [llj, ecTb cepbesHbiii 
hsisSh: HeoTpHii,aTej!bHOCTb 4)yHKii;HH kphbhshbi Rh ejKa 5* nponepena tojibko HHCjienHO. 
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Phc. 2: HcBbinyKjibiii MHororpaHHbiii ejK b K'^ h cooTBCTCTByiomee pa36HeHHe ceJjepBi na MHoroyrojiBHHKH 

TaKHM o6pa30M b 2001 ro;i,y cjiojKHjiact cjieflyiomaa napa/iOKcajiBHaa CHTyaLi,HH: c o^Hoii CTopoHbi, 
B pa6oTe 2001 ro^a H. MapTHHec-Mop noKasaji (xoth h ne «hhcto»), hto C^-anajior TeopcMbi [T] 
HCBepen, a c flpyroii CTopoHbi, A.B. IIoropejiOB (1919-2002) b 1998 ro^y anoHCHpoBaji (xoth h ne npHBCji 
noflpo6Horo flOKaaaTejibCTBa) b «^OKjiaflax PAH» |18| . hto anajior TeopcMBi [T] cnpaBCfljiHB a^jir C^- 
rjia^KHx noBepxHOCTeii. TeM caMbiM, b 2001 rojxy CTajio hcho, hto KaK MHHHMyM o^na h3 pa6oT |18| 
H oinnGoHHa. Beet Bonpoc b tom — KaKaa. B 2005 rofly na stot Bonpoc OTBeTHjia F.K). HanHHa 
B CTaTbe [15j (a saieM h b ^OKTopcKoii /i,HccepTaii,HH [17]). Mm paccKajKCM o ee pa6oTe b cjieflyiomeM 
pasflejie. 

5 MHororpaHHbie e:a<:H 

CHx nop Mbi HMCJiH flejio tojibko c rjia^KHMH e>KaMH, t. e. c orH6aioiii,HMH ceMeficTB njiocKOCTeit {a; € 
R"|(a;,p) = /i(p)} AJiH saflaHHoro rjiaflKoro OTo6pajKeHHa: h : S"~^ — > M. Tenepb o6cyflHM MHororpanHbiii 
anajior SToro hohhthh, KOTopbiii 6yfleM nasbiBaTb MHororpannbiM e>KOM. HyjKHO tojibko HMeTb BBupy, 
HTO pasHbie aBTopbi onpeflejiaiOT stot oGiaeKT neMHoro no-pasnoMy, cm., nanpHMep, [9l l4l [T6]. 

Mbi Ha^^HeM c HaH6ojiee HarjiHflHoro onpe/i,ejieHHH MHororpanHoro ejKa, aaiiMCTBOBanHoro h3 [3] ■ 

Onpe^ejieHHe 2 MnozozpaHHUM eotcoM e MP naaueaemcM MHOzozpaHHan noeepxHocmh P eM? , kuok- 
dan zpaHt) Komopou ocHaiu,eHa eduHUUHUM eeKmopoM rij , nepnenduKyAJipHUM k Qj, maKUM o6pa30M, 
umo ecAU zpanu Qj u Qk UMewm o6iu,ee pe6po, mo rij + ^ Q, a SHauum KOHVfii eeKmopoe rij u rik 
Mozym Sum-b coeduHenu na eduHUHHOu ccfiepe C K'^ eduHcmeeHHOu Kpamnailmeu. 06o3HaHue smy 
Kpamuaumym uepes Ijk, nompe6yeM donoAHumeAt>HO Hmo6u npu aw6ux anaueHUJix undeKcoe j u k, co- 
omeemcmeymvuux cmcchchum zpansiM, dee dyzu euda Ijk au6o ne nepeceKaAucb, au6o umcau oduH o6iu,uu 
Konev,. nompe6yeM, HaKonen,, Hmo6u o6T>eduHeHue ecex dyz Ijk o6pa3oeueaAO paaSuenue apepu na 
MHOzoyzoAbHUKU, xomsiOu u He eunyKAue. 

HecMOTpa na rpoM03/],KOCTb SToro onpeflejienHH, MHororpanHbie bjkh cjiyjKaT ;i,OBOjibHO ecTecTBennbiM 
o6o6meHHeM BbinyKjibix MHOrorpanHUKOB. B ^lacTHOCTH, rpanni^a bchkofo BbinyKjioro MHOrorpaHHHKa b 
M"^, ocnameHHaa, CKajJceM, BHeniHHMH HopMajiHMH k 2-MepHbiM rpanaM, HBjiaeTCH MHororpannbiM cjkom. 

HpHBeflCM npHMep neBbinyKjioro MHororpanHoro ejKa. fljia SToro paccMOTpHM npaBHjibHbifi TCTpasflp 
A B R'^, OTce^eM ot A MenbinHii TCTpas^p njiocKOCTbio r, napajijiejibHofi oflHoii h3 rpaneii A, h pac- 
CMOTpHM o6'be/],HHeHHe ocTaBineroca yceHCHHoro TeTpa3;i,pa c ero CHMMeTpHHHbiM o6pa30M OTHOCHTejibHO 
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njiocKOCTH r. HesbinyKjiyio MHororpaHHyro noBcpxHOCTb, HBjiHiomyioca rpammevL SToro oGteflnHeHHa, 
o6o3HaHHM Hepes P (cm. pnc. 2). OcnacTHB rpann P, napajijiejibHbie r, BHeniHHMH HopMajiHMH, a Bce 
ocTajiBHbie rpaHH — BHyTpeHHHMii, mbi npeBpaTHM P b MHororpanHoro ejKa. Ha pnc. 2 H3o6pa}KeHO 
TaioKe paaGHCHHe c4)epiji S^, cooTseTCTByromee STOMy ejKy. 

B [3], B nacTHOCTH, flOKasano, hto na onpeflejiennbie Bbime MHororpannbie cjkh nepenocHTCH Kjiac- 
CHHecKaa TeopeMa MnHKOBCKoro o cymecTBOBaHHH h e;i,HHCTBeHHOCTH BbinyKjioro MHororpanHHKa c sa- 
flaHHbiMH HanpaBjiCHHHMH H njioma^HMH rpaneii. 

OKasbiBaeTCH, hto npHBeflenHoe Bbiine onpeflejieHHe MHororpaHHoro esKa HBjiaeTCH jihuib oflHHM h3 
MHorHx paBHOCHjiBHbix (hjih hohth paBHOCHjibHbix) onHcaHHH SToro oGteKTa. IIoAoGHbie oGteKTbi 6ojiee 
jiH Menee nesaBHCHMO BOSHHKajiH b pasHbix o6jiacTHx MaieMaTHKH. Hocjie pa6oTbi A.B. HyxjiHROBa h 
A.r. XoBancKoro |19| hx oSbihho nasbiBaiOT BHpTyajibHbiMH MHororpaHHHKaMH. Cjieflya [T7] yxajKeM fljia 
HHx cjieflyiOLn,He paBHOCHjibHbie npeflCTaBjieHHs: 

(1) BHpTyajibHbiii MHOrorpaHHHK sto sjieMCHT rpynnbi rpoTeH;i,HKa nojiyrpynnbi BbinyKjibix MHOro- 
rpaHHHKOB {rflfi rpynnoBoii onepaii,HeH cjiyjKHT cojisceHHe no MnnKOBCKOMy 0) b eBKjiH/i,OBOM npocTpan- 
CTBe, T. e. 4)opMajibHoe BbipajKenHe BH^a K ig) , rj^e K n M — BbinyKjibie MHororpannHKH, flCTajiH 

CM. B [IS]. 

(2) BHpTyajibHbiii MHororpannHK ecTb MHororpaHnaa: 4)yHKii,HH, t. e. KOHCHHaa jiHHeiiHaH KOM6HHa- 

II,Ha C U^ejIOTHCJieHHblMH K034)4)HIi;HeHTaMH XapaKTepHCTHHCCKHX 4)yHKIl,HH BblHyKJIblX MHOrOrpaHHHKOB, 
flCTajIH CM. B |19j . 

(3) BnpTyajibHbiii MHororpannHK ecTb Kyconno-jinneHHaH nojiojKHTejibno-o/^nopoflnaa 4)yHKii,Ha, 3a- 
flannaji b eBKjniflOBOM npocTpancTBe, ^eTajm cm. b |19| . 

(4) BnpTyajibnbiH MHororpanHiiK 3to napa (F, E) , r^e F — neKOTopaa saMKnyTaa Mnororpannaa 
noBepxnocTb (bosmojkho c caMonepeceneHiiHMii h caMonajiosKennHMn) c KOopiienTnpoBannbiMii rpansMH, 
a S — accon;HHpoBannbiH c F seep, fleiajin cm. b |14 1 I15 | fTBj. 

B |17| noKasano, hto c KajKflbiM BnpTyajibnbiM MnororpannnxoM mojkho ecTecTBennbiM o6pa30M ac- 
con,HHpoBaTb flBoitCTBennbiH oGi^ewi — rpacJjiiK ero onopnoii 43yHKri,iiii. Cyni,ecTBeHHbiM BKjiaflOM F.K). 
nannnoit b o6cy}K/],aeMyio TCMainKy ciajio to, ito b cboiix pa6oTax [141 1151 1161 117j ona BBCJia noHH- 
Tne rHnep6ojiiiHecKoro BiipTyajibnoro MnororpannnKa (t. e. TaKoro BiipTyajibnoro MnororpannnKa, p^nsi 
KOToporo rpa4)HK cyscenHJi ero onopnoii 4)ynKn,HH na jiio6yio njiocKOCTb sBjiaeTca ce/i,jiOBOii noBepx- 
nocTbio, T. e. noBepxnocTbio, ot KOTopoit nnKaKaa njiocKOCTb ne OTCCKacT KOMnaKTnoro KycKa). ^ajiee, 
ona naynnjiacb CTpoHTb pa3noo6pa3nbie npHMCpbi rnnepSojinnecKHX nnpTyajibnbix MnororpannHKOB. H 
naKoneu,, flOKa3ajia o6iii,yK) TeopcMy o crjiajKHBannn rHnep6ojiHHecKHx BnpTyajibnbix MnororpannnKOB. 
TcM caMbiM ona nayHiuiacb, OTnpaBjiHHCb ot flannoro rnnepGojinnecKoro nnpTyajibnoro MnororpannnKa, 
CTpoHTb rjiaflKoro ejKa. 

B pesyjibTaTC F.K). nannna CMorjia nocTpoHTb ii,ejiyio cepnio C°°-rjiaflKHx ejKcii, KajKflbiii h3 KOTopbix 
nopo>KflaeT KonTpnpnMcp k C°°-aHajiory xeopeMbi [1] — nyjKHO jinnib cjiojKHTb (no MnnKOBCKOMy) stot 
eat H ccjjepy floCTaTonno 6ojibmoro pa^nyca, KaK 3to h flcjiaji H. MapTnnec-Mop. TeM caMbiM, F.K). 
Hannna CMorjia ne TOjibKO noflTBcpflHTb npabnjibnocTb TeopeMbi H. MapTiineca-Mopa, no n cyMCjia 
pacnpocTpanHTb ee na C°°-noBepxnocTH. 

Bojiee Toro, F.K). nannna sBno yKasajia na oniH6Ky b paccyjKfleniiHx A.B. FEoropejiOBa [18], npony- 
CTiiBmero ofliin h3 cjiynacB b cboiix paccysKflennax. KaK OKa3ajiocb, HMenno stot cjiynaii peajiH3yeTCH b 
npHMcpax, nocxpoennbix n H. MapxHnec-MopoM n F.K). nannnoii. 

6 3aKJiioHeHHe 

Bbime Mbi nocTapajiHCb noKa3aTb, hto KjiacciiHecKaa TeopeMa A./],. AjieKcan^poBa [1] CBH3aHa co Mnom- 
MH BonpocaMH Teopnn noBepxnocTeii, BbinyKjioii reoMeTpiiii, /i,H4)4)epenii,Hajibnbix ypaBneniiii, ajire6pbi 
H flajKC ajire6paHHecKoii reoMeTpiin. O^eBH^no, TyT ecTb n Mnoro OTKpbiTbix BonpocoB. B caMOM o6- 
in,eM BHfle nporpaMMa nccjieflOBaniiii mojkct 6biTb c(|)opMyjiiipoBaHa TaK: pp KaKHx npe;i,ejiOB TeopnH 
BbinyKjibix Teji nepenocHTCH na ejKii? 
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OcTacTca iia^iCHTBCH, hto CO BpeMeneM mbi 6y7i,eM yanaBaTb Bce HOBtie h HOBBie pesyjiBTaTBi, nojiy- 
TieHHBie B 3T0M HanpaBjieHHH. 
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AHHOTaUIHH 

YjKe flaBHO 6Bijia BBiCKasana rnnoTesa, ^to saMKHyTaa BBinyKjiaa noBepxHOCTB Kjiacca C^, rjiaBHBie kphbhshbi 
Ki, K2 KOTopoH y/i,OBjieTBopaiOT HepaBeucTBy {K\ — c){K2 — c) ^ c neKOTopoii nocToaHHoit c, oGaaaua 6bitb 
c4)epoH. HacTHBie pesyjiBTaTBi 6bijih nojiyMeuBi A.f[. AjieKcanflpoBBiM, X.O. MiOHUHepoM h KoyTpoycJjHOTH- 

COM. 

Mbi nepetJjopMyjiHpyeM STy ranoTeay b TepMHuax ejKeii h ctpohm KOHTpnpHMep. KpoMe Toro, mbi flOKasBiBa- 
eM 3Ty rnnoTesy fljra noBepxHOCTeii nocToaHHoii niHpHHBi h flaem HOBoe flOKasaTejTBCTBO fljia anajiHTHHecKHx 
noBepxHOCTeii. 

1. BBeflCHHe 

y>Ke flaBHO 6Bijia BBiCKasana rnnoTesa, ^ito jiK)5aa BBinyKjiaa saMKHyTaa noBepxHOCTB Kjiacca (t. e. KJiacca 
c rayccoBoii kphbh3hoh > 0) , rjraBHBie kphbhshbi Ki h K2 KOTopoii yflOBJieTBoparoT HepaBCHCTBy (Ki — c) {K2 — 
c) c HBKOTopoii nocToaHHoii c, c Heo5xoflHMOCTBK) aBjiaeTca c4)epoit. fljia auajiHTHHecKHx noBepxHOCTeii sto 
6bijio ycTaHOBjiBHO A.^. AjiBKcaHflpoBBiM [In, 2n[ h X.Q. Mkjhuhbpom [7n|. 3Ta runoTBsa xaKJKB npoBBpBna fljia 
noBBpxHOCTBii BpamBHHa [6n[ h fljia 60JIBB o6iii,Bro Kjiacca noBepxHOCTBii, y KOTopBix Oflna h3 opToroHajiBHBix 

npOBKU,HH aBJiaBTCa OKpyjKHOCTBK) [3n|. 

B HacTOain,BH saMBTKB MBI HBpetjsopMyjiHpyBM 3Ty mnOTBsy b TBpMHHax BJKeii h CTpoiiM KOHTpnpHMBp. IIo- 
HaTHB BJKa cjiyjKiiT o6o6ni,6Hii6M nOHaTHa BBinyKjioro TBJia Kjiacca C+. KajKflOMy BBinyKjiOMy TBJiy K C R"^^ 
conocTaBjiaBTca onopnaa 4)yHKii,Ha Hk : §" — > R, p hK^p) ~ max {{m,p) \ m £ K}. Kor^a K npiiHafljiBJKHT 

*OpHrHHaji 3TOH CTaTbH BMLueji Ha 45paHLi,y3CKOM H3biKe: Yves Martinez-Maure, Contre-exemple a une caracterisation 
conjecturee de la spheere / / C. R. Acad. Sci. Paris, Serie I, 332:1 (2001) 41—44. Copyright © 2001 Academie des sciences. Hs- 
flaTejibCTBO Elsevier Masson SAS. Bee npasa coxpaneHM. B.A. AjieKcaHflpoB 6jiaro;i,apHT HSflaTejibCTBO 3jib3eBHp MaccoH 
3a npe^ocTaBjieHHyio B03M0?KH0CTb ony6jiHKOBaTb stot nepeBO^. 
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Kjiaccy C4-, Hk npHHafl.nc>KHT h onpcflcnacT rpaHHLi,y K kbk orH6aioiii;yK) ccMciicTBa rHnepnjiocKOCTcii, 3a- 
flaHHbix ypaBHeHHHMH {x,p) = hK(p)- JX&yKe ecjin 4'yHKLi,Ha h € C'^(S";R) He o6a3aTejii>HO sBjiacTca onopiioii 
4)yHKri,Heit neKOToporo BbinyKjioro xcna, c uem see paBHO mojkho CBHsaTb orH6aioinyio T-Lu ceMeliCTBa rHnopn.jioc- 
KOCTeit, saflaHKBix ypaBHenHeM (x,p} = h(p). 9Ta ornGaiomaH napaMeTpHSOBana c noMom,bio a;/j : S" ^ R""'"'^, 
p I— >■ (grad h){p) + h{p)p. OTo6pa}KeHHe Xh MOJKeT Gbitb HHTepnpcTHpoBaHo KaK o6paTHoe k oToGpaxceHHK) Faycca 
fljia Hh- KajKflbiit pcryjiapHbiii KycoK "Hjj flonycKacT BBCflCHHe opHCHTaLi,HH c noMombro HopMajiH TaKHM oSpasoM, 
HTO p OKasbiBaeTca BeKTopoM HopMajiH b toikb Xhip)- B pa6oTe P. JTaH>KeBeHa, F. JleBHTa h F. Po3eH6epra [4n] 
rnnepnoBepxHOCTb T-Lh. nasBaHa eacoM onopHoll ^ymmnm h. 

FlycTb S ecTb HCKOTopaa saMKHyTaa BbinyKjiaa nosepxHOCTb Kjiacca C^, rjiaBHbie kphbhshm Ki h if 2 koto- 
poii yflOBjieTBopaMT HepaBencTBy {Ki — c){K2 — c) ^ npn HeKOTopolt nocTOHHHoil c. FEojioacHB r = c~^, mh 

M05KCM nCpCHHCaTb 3TO HCpaBCHCTBO B BHflC — J") (^2 — >') ^ 0, TflC _Rl H R2 — TJiaBHblC paflHyCbl KpHBH3- 

Hbi noBepxHOCTH S. 05o3HaiHM Mepe3 / onopHyio 4)yHKu,Hio noBepxHOCTH S. TaK KaK Xf : ^ S HBjiaeTca 
o6paTHbiM K rayccoBy oTo6paaceHHio noBepxHocTH S, to -Ri(p) h i?2(p) aBjiHioTca co6cTBeHHbiMH sHaieHHHMH 
ero KacaTejTbHoro OTo6pajKeHHa TpXf b tomkb p. FIojiojkhb h — f — r, bmboahm, ^ito Ri(p) — r h R2{p) — t 
aBjiaroTca co6cTBeHHbiMH snsH^emiaMs KacaTejibHoro OTo6pa>KeHHa k Xh b to^kb p. HcxoflHaa rHnoTe3a TaKHM 
o5pa30M MOJKeT 6biTb nepecjjopMyjiHpoBaHa TaK: «Ecjih 4)yHKn;Ha kphbhshh Rh{p) = det {TpXh) eaca Hh C 
HenojioacHTejibHa na c<J)epe S'^, to "H^ c Heo6xoflHMOCTbK) CBOflHTca k TOiKe». 

HsyieHHe npoeKii,HS e>Ka T-lh flaeT HaM HH<J)opMaii,Hio o c4)epHHecKOM npeflCTaBjieHHH cHHryjiapHocTeit. Mm 
nojiyHHM HCCKOjibKO H3BecTHbix HacTHbix pe3yjibTaTOB H HOBoe flOKasaTejibCTBO fl.na noBcpxHOCTeii nocToaHHoit 
uiHpHHbi. B oSmeM CJIy"^ae MeTOfl ne npoxoflHT H3-3a cymecTBOBaHHa CHHryjiapHOCTeii THna «CKpemeHHbiH kojt- 
naK». Mbi npefltaBjiaeM exca c oco6eHHOCTbio THna «CKpein,eHHbill KOJinaK» h (J)yHKn;Hefi kphbhshh ^ (mo- 
flejiHpyeMbiil na 6e3 HeKOTopbix nojiyoKpyxcHOCTeil) . HaKonen,, mm ctpohm HeTpHBHajibHbifi eac c 4)yHKii,HeH 
KpHBHSHM ^ Ha S^. B cHjiy npoeKTHBHoit flBoilcTBeHHocTH 3TO BjieieT cymecTBOBaHHe He BnojiHe reoflesHiecKoK 
2-c4)epbi, norpyaceHHoft b c BHeniHeil KpHBHSHoit ^ 0. 

2. HsyneHHe cneuinajifaHbix cjiyiaeB 

FlycTb Hh C R""*"^ — eac h a; £ R""'"^ \ TLh- HefleKCOM ih(x) Ha3biBaeTca ajire6paHHecKoe mhcjio nepeceMC- 
HHfi opHeHTHpoBaHHoit HOJiynpHMoit, BMxoflameit hs a;, c eacoM T-Lh, cHa6aceHHbiM opHeHTau,Hefi (sto mhcjio He 
saBHCHT ot KOHKpeTHoit HOJiynpHMofi H3 HeKOToporo oTKpMToro njioTHoro MHoacecTBa HanpaBjieHHii) . <l>yHKn;HH 
KpHBHSHM eaca Hh C cBa3aHa c HHfleKOM njiocKoro eaca, nojiyiaeMoro h3 Hh nocpeflCTBOM opToroHajibHoro 

npocKTHpoBaHHa. ^Jia bccx n G § orpaHHMCHHe 4)yHKii,HH h na OKpyacHOCTb §„ = § fl n aBjiacTca onopHoii 
cjayHKi^Hcfi hn «npocKii,HH» eaca Hh na n^: Hhn = (wn ° Xh){Sn), rfle Wn aBjiaeTca opToroHajibnoH npocKii,HeH na 
. JXnn HHflCKca stoh npoeLi,HH cnpaBefljiHBa cjieflyroma^i 

TEOPEMA 1 ([5n]). /I^aa naoKdozo pezyAnpnozo auaHeHun x ozpaHuneHusi TTn o xh Ha noAyc^epy §^ = {p € 
I (p, n) ^ 0} eepHo paeencmeo ih„(x) = ^^^{x)^ — u^{x)^ , ade iy^{x)'^ (coome. i'h{x)~ ) ecmb hucao moneK 

p £ maKux, umo Xh{p) neAfiemcH aAAunmmecKoti (coome. zunepdoAmecKoU) moHKoU Hh, AeoKauifiiL na 

npHMoil {x} + Rn. 

CjieflOBaTejibHo, ecjiH Hn HMeei (})yHKu,Hio kphbhshm ^ h ne cBOflHTca k oflHofi ToiKe, to ih^ ^ h 
He HBjiaeTCH ToacflecTBeHHbiM HyjieM. TaK KaK i^^ ^ ecjiH T-Lh^ aBjiaeTca OKpyacHOCTbM hjih tohkoK, to 3to 
flOKasbiBaeT rHnoTe3y fljia noBepxHOCTeii, xotb Oflna h3 npoeKD;HH KOTopbix aBjiaeTca OKpyacHOCTbK). BBefleM 
nOHaTHC TOMKH eaca, KOTOpbiM HaM HpcflCTOHT nojibSOBaTbca HHace. KaatflOMy cacy T-Lh C R"^^ cooTBCTCTBycx 
HceBflOMeTpHKa, onpe^ejieHHaa na S" paBencTBOM ph{j>, g) = inf ({Z/(a;ft,°7) | 7 £ Cp^q}, rp,e Cp,q ecTb MHoacecTBO 
KycoHHO C^-rjiaflKHX kphbmx c KOHU,aMH p n q, a L{xh ° 7) aBjiaeTca fljiHHoit KpHBolt Xh ° 7- ToiKoit eaca Hh no 
onpe^ejieHHK) aBjiaeTca TOiKa npocTpancTBa (§"/ ~) = {[p] | p £ §"}, rfle p ^ q ecjiH h tojibko ecjiH Ph{p, q) = 0, 
CHaGaceHHOM MeTpHKoii [q]) = Phi'P, q)- Ho fljia hpoctotm mm ne pasjinnaeM TOMKy [p\ h ee reoMeTpniecKyM 

peajiH3aLi,Hio Xh{p). 

CJlEflCTBHE 1. EcAU Hn C R^ UMeem c^yHKV,UK) Kpueuauu < 0, mo (i) dAH ecexx £ —Hh^ cyvjficmeyem 
poBHO —2ih„ (x) moHCK Hh, seoMcmpmecKue penAU3av,uu Komopux AeoKam mo npsunoH {aj+Rn; (ii) Bam naoKdoU 
moHKU X G H], Ka:>icda.H rnoHKa eotca Hh, zeoMcmpuHecKaa peaAU3av,u}i KomopoQ AeoKum na npHMOU {x} + Rn, 
neMiemcn KJiaccoM iieKomopou moHKu OKpycucHOcmu Sj^ = S'^ n . 

HycTb Hh aBjiaeTca eacoM b R""^^. FoBopaT, ito s G Xh(§") HBjiaeTca SKCTpeMajibHofi tohkoH fljia Hh b 
HanpaBjieHHH n £ S", ecjin {xh{p),n) < (s,n) fljia Bcex p £ S". 

JIEMMA 1. Uycmb s sieAsiemcsi SKcmpeMaAbHoiX moHKoU eoKa Hh C R^ e HanpaeACHUu n £ Toeda na 
KOMnoHenmu censHocmu Miiooicecmea x^^{s) omdeAMiomcji odiia om dpyzou mouKaMU MHOMcecmea {n, — n}. 

iHoKaaamcAhcmeo. Bc3 orpaHHMeHHa o6ni,HOCTH MoacHO CMHTaTb, mto s — vi n — (0, 1). Tor^a OHopHa;a 

npHMaa c HopMajibio ug = (cos0,sin0) ^ {—n, n\ HcpeceKaeT n""" b tomkb {x{9),Q), r^e x{6) — h{ng)/ cosO. Ecjih 
BHyTpeHHocTb Ayrn F C c KOHu,aMH a,/? £ a;^^(s) ne nepeceKaeT {— n, n}, to F C a;^^(s). B caMOM ^ejie, 



10 



Torfla Mbi 6bi HMCjiH x{9) — > ecjiH ue a hjih /3, x'{0) = {xh{ue),n) / coa^ ^ ecjiH ue € T — {a, (3} h, 
cjieflOBaTejibHO, /i = na F. □ 

TEOPEMA 2. Uycmb eofc Hh C itjueem ^yHKV,uw Kpueuami < 0. _Bc^« Hh He sieAsiemcsi moHKOu, mo 
Hh donycKaem e neKomopoM HanpeAeuuu n € §^ .jKcmpeMcuibHyw moHKy s, ccfjepwecKoe npedcmaeACHue xf^^{s) 
KomopoU He nepeceKaem odny U3 noAyoKpyjtcHocmeu, coeduHfl,Knu,ux —n un Ka . 

/J^OKaaameAbcmeo. Ecjih Hh hc sbjihctch tohkoh, to cymccTsyeT HanpaejieHHe n £ b KOTopoM Hh HMoeT 
flse paajiHHHbie SKCTpeMajibHtie tohkh si h S2. IIojiojkhm p = (s2 — Si)/||s2 — h paccMOTpaM npoeKu,Hio Hh 
Ha p"*". 06maH npoeKU,HH s ToieK si h S2 aBjiaexca SKCTpeMSJibHoli ToiKoii Hhp b HanpaB.ncHHH n. O^na h3 
KOMnoHeHT CBasHOCTH MHOJKecTBa a;^ (s) He nepeceKaeT cpasy (oflHOBpeMeHHo) (si) h (s2) Tax Kax 

He coflepjKHT cerMBHTa [si,S2]- OflnaKO a:^^(si) h a:^^(s2) nepeceKaiOT a;^J(s) (cjie^CTBHe 1) h hx KOMnoHeHTbi 
pasflejiHioTCH MHOJKecTBOM {—n,n} na Sp (jieMMa 1), cjie^oBaTejibHo, a;^^(si) (cootb. a;^^(s2)) He nepeceKaeT 
OflHy H3 nojiyoKpyjKHOCTeii, coeflHHaK3in,Hx — n h n na §p. □ 

E>K Hh C R'^ HaabiBacTca anajiHTHHecKHM (cootb. npoeKTHBHbiM) ecjiH ero onopnaa 4)yHKLi,Ha h aBjiaeTca 
aHajiHTHHCCKoit (cooTB. aHTHCHMMeTpHiHoii: fljiH Kaacfloro p € S", h{—p) = —h{p)). 

TEOPEMA 3. EcAU Hh C AOAJiemcA aHOAummecKUM (coome. npoeKmuenuM) eofcoM c 4>yHKV,ueu npu- 
eusHU ^ 0, mo Hh fieAHemcsi moHKoU. 

/J^OKasameAhcraeo. ITycTb s abjiacTca SKCTpcMajibnoii tohkoh eaca Hh b nanpBjiCHHH n € S'^ h [m\ aB.nacTca 
TOHKoii e>Ka Hh, AJia KOTopoii s aBjiaeTca reoMeTpHHecKoii peajiH3ai],Heii. Corjiacno xeopeMe 2 floCTaTOHHO npo- 
BepHTb, HTO Xh^{s) nepeceKacT Ka,ac^io nojiyoKpyaKHOCTb, coeflHHHMmyio — n h n na S^. CorjiacHO cjieflCTBHio 1, 
[m] nepeceKaeT Ka,acflyK) 6ojibmyK> OKpyacHOCTb, npoxoflaniyro Mepes n. Ecnn Hh aBjiaeTca npoeKTHBHbiM eacoM, 
TO x^^{s) HiiBapnaHTHO OTHOCHxejibHO aHTHHOflajibHoro npeo6pa30BaHHa h pcsynbTaT floCTHrnyT. /l^onycTHM Hh 
aBjiacTca anajiHTHHCCKHM cjkom, hc CBOflan;HMca k tomkc. DocKOjibKy OTo6pa>KeHHe : §^ — > R, u i— > {xh(u).n) 
anajiHTHHHO, KOMnonenTbi CBa3HOCTH </>(u) = (s, n) aBjiaroTca jih6o TOHKaMH, jih6o npocTbiMH 3aMKHyTbiMH pj- 
raMH, jih6o norpyaceHHHMH HeKOTopbix cbh3hi>ix rpa(})0B, Bce Bepmnnbi KOTopfaix HMeiOT lexHyio cxenenb [8n]. 
06o3naHHM Hepe3 C xy KOMnonenxy cbh3hocth, KOTopaa coflepjKHT [m] . DocKOJibKy [m] nepeceKaeT Bce Gojibmne 
flyrn, npoxoflan],He Mepe3 n, n nepeceKaeT caMoe Gojitmee o^hh pa3 Ka:>KflyK) 6ojibmyK) nojiyoKpyjKHOCTb, coefln- 
naK)n];yK3 — n n n (jiCMMa 1), to jih6o C nepeccKacT { — m, n}, .nnSo C aBjiaCTCa npocTOit flyroii, pa3flejiaK)ni,cii — n 
H n na S . OflnaKO, C C a:^ (s) (nHane neKxopa^ npoeKn,Ha e>Ka Hh coflepjKajia 6bi HexpHBnajibnbin cerMenx). 
CjieflOBaTejibHo, x^^(s) nepeceKaeT KajK^yro nojiyoKpyxcnocTb, coe^HHaroniyio —n h n na ito npoTHBopeiHT 
xeopeMe 2. □ 

CJIE^CTBHE 2. Funomeaa eepna dAsi aHaAumunecKux noeepxHocmeu (coome. Sam noeepxHocmeu nocmo- 
HHHoU mupuHu). 

floKoaameAbcmeo. Cjiyiall anajTHXHiecKHx noBepxHocxefi HenocpeflcxseHHo BbixeKaex hs xeopeMH 3. Ecjih S 
HMeex nocToaHHyK) mnpHHy, to h = f — r HMeex bh^ g + k, rpfi g anxHCHMMexpHiHo, a k nocxoanHo. Tor^a mm 

HMCCM Rh ~ Rg + 2fe_R(i g) + k , Tflfi R(i,g) o6o3HaHacT cpcflnee apH4)MeTHHecKOC r.naBHbix paflnycoB kphbhshm 
e>Ka Hg. OTCMfla 3aMeHa^, mto HepaBencxBO Rh ^ 0, npHMenenHoe k anxHnoflajibHbiM oco6biM TOHKaM Xg, flacT 
k^ < 0, nojiyiaeM, hto Hh aBjiaeTca npoeKTHBHbiM eacoM. □ 

3. KoHTpnpHMep 

Hh MeTOfl naparpa4)a 2, hh npeflmecxByioni,He pa6oxbi ne no3BOJiaiOT npnHHMaxb bo BHHManne oco6eHHOCTH 
xHna cKpemeHHoro KOJinaKa. Oxo6pajKeHHe X : R^ — R^, {u,v) {x,y,z) = r'^{u,\,uv), r^e r = Vw^ + v'^, 
onpeflejiacT CKpemenHbiii KOJinaK, KOTopbiii mojkho paccMaTpnBaTb KaK e>K Hh (MOflCjinpyeMbiii na ccjaepe S'^ c 
yflajieHHoii nojiyoKpyjKHOCTbio 2 = 0, a; ^ 0) c cjayHKiineii KpHBH3Hbi ^ 0. Ha S"^ MHoacecTBO kphth^^cckhx TOieK 
e»ca Hh HBjiaeTCH nojiyoKpyjKHOCTbio y = 0, x ^ 0. Hsjiaacb c(|)epHiecKHM npeflCTaBjicHHeM SKCxpeMajibHofi xoi- 
KH B HanpaBjieHHH n = (0, —1, 0), sxa nojiyoKpysKHocxb ne nepeceKaeT reoflesHiecKne jihhhh ccjjepbi Koxopbie 
coeflHHaioT —n vi n n pacnojioaceHM b nojiyc4)epe x < 0. MeTOfl naparpa4)a 2 ne Mo>Kex 6biTb, cjieflOBaxejibHo, 
npHMenen k HSyHennio xaKHX CHnryjiapnocTCii. Peryjiapnaa lacxb eaca Hh C R' aB.naCTCa nacTbio ajireBpanne- 
CKoii noBcpxHOCTH, 3aflaHH0H ypaBHenneM x^'y"' — (x'* + y^z^)'^ = 0, coflepjKameiica b nojiynpocTpancTBe y > 0. 
CjiefloaaTejibHo, ona MoaceT 6HTb nojiyiena cKjieHBaHneM rpa(J)HKa {|)yHKn;HH f{x,y) = {x/y)-\/y^/'^ — x^ c ero 
CHMMeTpHHHbiM o6pa30M oxHOCHxejibHO HjiocKOCTH z = 0. HpoBcpKa He npeflCTaB.naeT oco6bix TpyflHOCTefi. 3tot 
npHMep noKa3biBaex, hto HeanajiHTHHecKHit e>K MO>KeT hmcxb anajiHTHiecKyio napaMeTpH3an,Hio. 

npHBCflCHHbiH npHMcp HaBOflHT Ha MbiCHb cocflHHHTb 4 CKpeni,CHHbix KOJinaKa TaK, ixo6m nojiyiHXb ejK, c 
(J)yHKii,HeH KpHBH3Hbi ^ Ha S^. HaiHeM CO CKjieHBanna rpa4)HKa <j)yHKii,HH 

f{^,y) = 1 _ 4 V(l - - y^)^^^ - 25x^y^{x^ +y^ + 3{x^ +y^- xV) + 

i. X y * 
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rfle {x,y) £ D = {{u,v) G K^1|m|''^^ + \v\'^^'^ ^ 1}, c oro CHMMeTpHHHbiM o6pa30M OTHOCHTcnbuo n.nocKOCTH 
z = (saMCTHM, HTO HOflKopeHHoe BBipaaceHHe b tohhocth aanyjiaeTca na rpaHHLi,e o6jiacTH D). ITojiyHeHHaa 
noBepxHOCTb o6pa30BaHa neTBipBMH CKpemenHbiMH KOJinaKaMH, ho HMeeT KpHBHsny 0. HaKOHeii,, hto6bi hc- 
KjiioHHTt KpHBH3Hy ^ 0, flo6aBHM K / 4)yHKii,Hio BHfla g{x, %)) = a{x^ — y^) + h{x'^ — y'^) cay^:0Ha + 66 = 0, 
fljia KOTopBix rpacjjHK 4)yHKLi,HH g : D 'R HMeeT KpHBHsny < BCMfly, KpoMS oco6brx ToieK Ha rpaHHn,e. 
Hhbimh cjiOBaMH, paccMOTpHM napaMeTpHHecKOC ccmchctbo noBcpxHOCTcii {St)tQU* , onpeflejiaeMoe 4)opMyjiaMH 
Xf.Dx {-1, 1} ^ K^ {x, y, e) ^ {x,y, {x^ - y^) - i(a;* - y^) + tef{x,y)). 

BbiiHCJieHHH Ha KOMnwoTepe noKasBiBaioT, ito cymecTByeT HHTepBajr sHaieHHfi napaMeTpa t, fljia KOToptix St 

SBJIHCTCH nOBCpXHOCTbK) C rayCCOBOH KpHBH3HOii < 0. CpCflH 3THX 3HaMCHHH Mbl Bbl6HpaCM t — 1/12. IToBOpXHOCTb 

>Si/i2 aBjiaeTca lacTbio ajire6paHHecKoii noBepxHOCTH. Ona CHMMexpH^Ha OTHOCHTejibHO njiocKOCTcit x — n 

J/ = H OTHOCHTejibHO HpHMblX X = y — OllZ = 0, X = y (COOTB. X = —J/)- IIoCKOJIbKy OHa aBJIHCTCa CKJICHKOii 

flByx rpacjjHKOB, pacnojioaceHHBix na/i, D (mbh rpaHHH;bi sbjihiotch eacaMH c onopHoii 4)yHKD,HeH (w, v) i-> uv{u^ + 
^4'j-i/4^ G C K^) CTporaa OTpHii,aTejibHOCTb ee rayccoBoit kphbhshbi (h, cjieflOBaTejibHO, jioKajibnaa 

HHtCKTHBHOCTb 66 rayccoBa oTo6pa>KCiiHa) bjic^ict to, mto ona mojkct paccMaTpHBaTbCH KaK iiCKOTopbiii cjk T-Lh- 
HsyMHM ero Kjiacc flH4)4)epeHLi,HpyeMOCTH. BbiMHCJienaa Ha KOMHbiOTepe HOKa3BiBaiOT, "^T0 MHOJKecTBO oco6bix 
TOHeK eaca Hh o6pa30BaHo na HeTbipbMH nojiyoKpysKHocTHMH: (i) 3x + 4a = 0, j/ ^ 0; (ii) 3j/ — 4a = 0, 
a; ^ 0; (iii) 3a; — 4a = 0, j/ < 0; (iv) 3j/ + 4a = 0, x < 0. Cpasy nposepaeTca, hto h npHHafljiescHT C°° Bne 
CHHryjiapnoro MHoacecTBa h HpHHafljiejKHT na bcSm §^ (saMeTHM, hto Xh asjiaeTca orpaHHieHHeM na 5^ 
rpaflHCHxa 43yHKii,HH tp(u) — ||it||/t('u/||'u||), m G K' — {Ors}). Mojkho flOKa3aTb TaK>Ke, hto h npHnafljiejKHT C 
Ha H saMeTHTb, HTO Ha co6cTBeHHbie SHaienna OTo6pa;>KeHHa (hess (p){p) (0 h rjiaBHBie pa^nycBi kphbhshbi 
ejKa T-Lh b ToiKe Xh{p)) CTpeMHTca k nyjiio npa HOflxofle k cHHryjiapnoMy MHoacecTBy (sbiiHCJieHHa HOKasbiBaroT, 
1T0 Rh H -R(i,/i) CTpeMHTCH K HyjiK) npH npH6jiHaceHHH K CHHryjiapHOMy MHoacecTBy). 
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